For a semisimple complex Lie algebra g, the BGG category O is of particular interest in representation theory. It is known that Irving's shuffling functors Sh w , indexed by elements w ∈ W of the Weyl group, induce an action of the braid group B W associated to W on the derived categories
1 Introduction Consider a finite dimensional semisimple complex Lie algebra g with respective Cartan and Borel subalgebras h and b. Representations of g are equivalent to modules over the universal enveloping algebra U (g) [Hum72, §V] . The BGG category O of g is the full subcategory of U (g)-Mod consisting of modules that (O1) are finitely generated, (O2) have a weight space decomposition M = λ∈h * M λ and (O3) are locally n-finite; i. e., for every v ∈ M , the orbit U (n + ) · v is finite dimensional.
1.1 Category O, blocks and shuffling functors The category O has a decomposition O = λ O λ into blocks O λ , indexed by dominant weights λ. Denote the Weyl group of g by W and let W λ ≤ W be its stabiliser subgroup of a weight λ. Each block O λ contains the simple modules L(w · λ), the indecomposable projectives P (w · λ) and the Verma modules M (w · λ) indexed by w ∈ W/W λ with W λ the stabiliser subgroup w. r. t. λ. If a block O λ is fixed, we just write L(w), P (w) and M (w) for the respective objects therein. Each block O λ is Morita equivalent to modules over a quasi-hereditary algebra [BGG76] .
A weight λ is called regular if W λ is trivial; i. e., if λ does not lie on any reflection plane. All blocks O λ associated to regular weights are equivalent as categories; in the following we shall thus work in the principal block O 0 which contains the trivial g-representation L(e · 0) = C.
Definition 1.1. A Coxeter system consists of a group W , a set S of generators and a presentation W = s ∈ S | s 2 = e, sts · · · = tst · · · with m st factors s, t on both sides. The s ∈ S are called simple reflections. The matrix (m st ) s,t∈W is called the Coxeter matrix of W . To W , there is the associated braid group B W = s ∈ S | sts · · · = tst · · · , such that there is a natural quotient map B W → → W .
Example 1.2. The Weyl group of g is a Coxeter group. In particular, the symmetric group S n , which is the Weyl group of sl n , is a Coxeter group, generated by the simple reflections s 1 , . . . , s n−1 , the Coxter matrix has entries m si,sj = 2 if i = j, 1 if |i − j| = 1, 0 otherwise, and B n := B Sn is the well-known Artin braid group. Note that for w < ws we have L i Sh s = 0 for i = 0, 1, R j Csh s = 0 for j = −1, 0, L 1 Sh s M (w) = 0, L 1 Sh s M (ws) = 0.
1.2 Actions of W on K 0 (O 0 ) and D b (O 0 )
Definition 1.5. The Grothendieck group K 0 (C) of an abelian category C is the abelian group generated by [M ] of objects M ∈ C, subject to the relation [E] = [A] + [B] whenever E is an extension of A by B. For T a triangulated category, K 0 (T ) is defined in the same way, with "extension" replaced by "distinguished triangle" in the obvious way. Any exact (resp. triangulated) functor induces a group homomorphism on K 0 (C) (resp. K 0 (T )). Both definitions of K 0 are compatible in the sense that the inclusion C → D b (C) induces an isomorphism K 0 (C) ∼ = K 0 (D b (C)) of abelian groups [Gro57] .
Each of the collections {L
The shuffling functors thus induce a right action of W on K 0 (O 0 ), defined for simple reflections s by the assignment
(1. 
defines an action of B W on the derived category D b (O 0 ), and the following square commutes:
[−]
1.3 Seidel and Thomas' spherical twist functors Let C be a k-linear abelian category C of finite global dimension. Seidel and Thomas have constructed an action of the braid group B n := B Sn of the symmetric group S n on C in terms of spherical objects [ST01] . We give a short summary of their construction.
Notation 1.7. We denote the Hom-space in D b (C) by Hom * D b (C) ; it is a graded k-vector space whose degree d-part Hom d D b (C) consists of chain maps of homological degree d. In contrast, for chain complexes X, Y ∈ Ch(C) we denote by hom • C (X, Y ) the chain complex of arbitrary graded morphisms X → Y (i. e., not necessarily chain maps); it is a chain complex of C-vector spaces with differential d hom
Finally, for V a complex of C-vector spaces and X ∈ D b (C), we denote by lin
For details, consider [ST01] .
/(x 2 ) as algebras, where x is a morphism of degree d. It is called d-spherical if it has in addition the Calabi-Yau-property:
(S3) For all F and i, composition • of morphisms is a non-degenerate pairing
Consider the evaluation and coevaluation maps
If E is d-spherelike, one can associate the spherical twist-and -cotwist functor
There is an adjunction
Notation 1.11. Given a double (or triple) complex X •• , we denote its ⊕-total complex by {X •• }. In particular, since we can regard a morphism f : X → Y of chain complexes trivially as a double complex with Y laced in degree zero, the mapping cone can be written as
as complexes vector spaces, we have
where the left E is in degree zero.
Theorem 1.14 [ST01, thm. 2.17]. Given an A n -configuration {E 1 , . . . , E n } of d-spherical objects, the assignment B n → Aut(D b (C)), s i → T Ei defines an action of the braid group.
Objective The category O 0 is a C-linear category of finite global dimension and hence satisfies the requirements of [ST01] . For g = sl n , we want to understand whether there is an A n -configuration in D b (O 0 ) such that the associated twist functors relate to the shuffling functors. We shall prove the following:
Theorem 4.15. For a maximal parabolic subalgebra p of sl n corresponding to the parabolic subgroup S n−1 × S 1 ≤ S n , there is an A n−1 -configuration of 0-spherical objects in D b (O p 0 ) such that the associated spherical twist functor and the restriction L
Outline
We first introduce some machinery. Section 2 gives an overview of some of the most important properties of blocks of O. We do not require any prior knowledge about O.
We include a short refresher on Kazhdan-Lusztig theory, quivers and graded algebras.
In Section 3 we explain how to compute images of the shuffling functors for the special case g = sl 2 . Our proof for the respective version of 4.15 serves as a model for the general case, which is worked out in Section 4.
2 Tools for O˘In this section, we collect the most important properties of O λ . For the following, is it not necessary to assume that λ be a regular weight. . Remark 2.3. A morphism in O is compatible with composition series, i. e., it takes factors from the top of its domain to the bottom of its codomain, preserving the order. The cokernel (resp. kernel) of a morphism consists of the simple factors that are not mapped onto (from). Since dim Hom O (L(v), L(w)) = δ vw , a morphism is determined by a scalar for each composition factor of the domain.
Composition series
Caveat 2.4. Compatibility with the composition series is necessary but not sufficient for the existence of a morphism in O 0 ; i. e., not every composition series diagram describes an actual morphism. Moreover, it is hard to tell which other factors of M are contained in the submodule generated by some simple composition factor of M .
Certain modules, such as the indecomposable projectives P (w · λ), additionally admit a standard filtration whose subquotients are isomorphic to Verma modules M (w · λ); one writes (M : M (w · λ)) for the respective (unique) multiplicity of M (w · λ) in any standard filtration of M .
Kazhdan-Lusztig-theory
There is a (W/W λ ) 2 -parametrised collection {p vw } of polynomials in Z[q ±1 ], called Kazhdan-Lusztig polynomials, which occur as base change coefficients between the standard-and the Kazhdan-Lusztig basis of the Iwahori-Hecke algebra H q (W ) [KL79] .
The composition factor multiplicities in O are given by
(2.1)
Remark 2.7. We employ the convention from [Soe97; Lus03] for the bases of H q (W ) and thus for the normalisation of the p vw 's. Another widespread convention yields the formula
(1).
Gradings
The following paragraphs summarise how to pass from O λ to a graded category O Z λ ; see [Str03a] for details. The following results are of fundamental importance:
called the combinatoric functor, is fully faithful on projectives.
The category O λ has a projective generator
(2.
2)
The algebra End O (P (w 0 · λ)) carries a natural non-negative grading exhibited by the Endomorphismensatz, so we can consider its category of graded modules. Fully-faithfulness of V λ thus endows A λ with a grading. The equivalence in (2.2) motivates:
Definition 2.10. Let O Z λ := gMod-A λ be the category of graded A λ -modules. Notation 2.11. We denote the grading shift on gMod-A λ by − , where M 1 i := M i−1 .
λ such that forgetting the grading yields fM = M . In particular, simple, Verma-and indecomposable projective modules are gradable [Str03a, § §2f.]. It will turn out to be natural to define these modules to have lowest non-trivial degree 0.. In the following, we shall not distinguish notationally between these modules and their graded lifts.
Since A λ is non-negatively graded, the grading of modules reflects their submodule structure. The same data is encoded in the exponents of Kazhdan-Lusztig polynomials: 
i. e., any summand q k of p vw corresponds to a factor L(w) in the k-th layer of the Loewy filtration for M (v), with the zeroth layer at the top.
A graded analogue of the BGG reciprocity theorem (2.1) holds.
Definition 2.16. On O Z λ , the graded translation through the s-wall Θ s is uniquely defined by short exact sequences
The graded (co)shuffling functors are defined analogously to the non-graded case. 
Quivers
Definition 2.18. The Ext 1 -quiver Q λ associated toA λ has isoclasses of simple A λ -modules as vertices their extensions as edges.
Let a λ be the ideal of the path algebra CQ λ generated by the relations of extensions of the simple A λ -modules. Then CQ λ /a λ ∼ = A λ by Gabriel's theorem [Gab72; Gab73].
Notation 2.19. We denote the composition of morphisms v 2
Remark 2.20. By the equivalence (2.2), Q λ is the quiver with vertices indexed by W and edges w ← v given by the irreducible morphisms from Hom O (P (v·λ), P (w·λ)), i. e., morphisms that cannot be factored non-trivially. The ideal a λ is generated by relations of these morphisms.
The path algebra of any quiver Q λ is non-negatively graded by the length of a path in terms of arrows. One can show that a λ is a homogeneous ideal; hence A λ is graded as well. This grading coincides with the one induces via V λ from Section 2.3 [Str03a] . A canonical C-basis of ε w A λ is given by paths that are in one-to-one correspondence with the simple composition factors of P (w). Explicitly, each composition factor L(v) i (i. e., a factor L(v) residing in the i-th layer) corresponds to a basis vector of ε w A λ from the degree
From know on, we shall stick to the principal block O 0 and omit all the subscript-λ's from A and Q.
2.5 Parabolic subalgebras Let (W, S) be a Coxeter system and S p ⊆ S be any subset of the simple reflections of W .
Definition 2.22. The associated parabolic subgroup W p ≤ W is the subgroup W p = s i i∈Sp of W . Every left coset in W p \W has a unique representative of minimal length [Hum90, §1.10]. We denote the set of such representatives by W p .
To the quiver Q we associate the full subquiver Q p of Q with vertex set Q p = W p and define the respective algebra
where Res p is fully faithful and thus turns O p 0 into a subcategory of O 0 . The functor Res p has both left and right adjoints, where its left adjoint Z p := Ind p = − ⊗ A A p (resp. right adjoint Z p ), called Zuckerman functor (resp. dual Zuckerman functor ), assigns to a module M its largest quotient (resp. submodule) which only has simple composition factors corresponding to words from W p [Maz12, Thm. 6.1].
Let 
3)
Explicitly, this means that a summand q k in p p vw means that the factor M p (v) occurs in the k-th layer of a Loewy series of P p (w), counted from the top [BGS96, Thm. 3.11.4].
Remark 2.24. The functor Z p commutes with projective functors, in particular with Θ s [Maz12, Thm. 6.1]. This implies that Θ s as well as Sh s restrict to O p 0 , and Θ s is uniquely characterised by short exact sequences
for w < ws. Since D b (O 0 ) is generated as a triangulated category by P (e) and P (s), this datum suffices to describe the behaviour of L Sh s ; we thus have shown:
Proposition 3.1. The Artin braid group B 1 acts via Sh s on D b (O 0 (sl 2 )) by
with homological degree 0 as indicated. 
Spherical objects
Proof of Theorem 3.3. By the corollary there are natural isomorpisms To describe the A-A-bimodule action on M Θs = Hom A (P, Θ s P ) in terms of a vector space basis we introduce the following notation. Recall that P = P (e) ⊕ P (s) and Θ s P ∼ = P (s) ⊕3 . We enumerate the summands of Θ s P = P (s) 1 ⊕ P (s) 2 ⊕ P (s) 3 . We then abbreviate, e. g., the morphism 
where the P (−)'s are indexed by basis elements from (3.8) (i. e., by morphisms from P (e)). The adjunction maps comprise the three gray morphisms. Gauß elimination (i. e., the removal of an identity together with the two identic summands at its ends) along the dashed identities yields Caveat 4.1. The Calabi-Yau property from Definition (S3) is not "local", in the sense that an object can lose this property in a larger ambient category. For instance, there are non-trivial morphisms P (s) → P (t) and P (t) → P (s) in O 0 (sl 3 ) whose composition is zero, so P (s) cannot be spherical. We shall present two possible remedies in this section. where the grey composition factors belong to the kernel and cokernel of x * .
Spherical subcategories
Theorem 4.8. The inclusion D b (O 0 (sl 2 )) → D b (O 0 (sl 3 )) factors through Sph(P (s)).
Proof. Take the projective resolution P (s) ∨ P (s) → P (w 0 ) −2 → P (w 0 ) −4 ; the asphericality Q(P (s)) := cone(x * ) of P (s) then is the total complex
with the bottom right P (w 0 ) in homological degree 0. We claim that
Consider composition series for the modules involved in the above double complex. The P (w 0 ) −4 in degree 0 has composition series
where im(P (s) −2
consists of the gray factors. S we see that any map P (e), P (s) → P (w 0 ) must factor through P (s) and hence is null-homotopic. The black factors L(w) generate images of morphisms P (w) − → −4 which cannot factor through P (s) −2 or P (w 0 ) −2 and thus are not null-homotopic. We see that the triangulated subcategory Sph(P (s)) of D b (O 0 (sl 3 )) is generated by P (s) and P (e), which proves the claim.
We shall address another remedy for failure of the Calabi-Yau property of P (s) in O 0 (sl 3 ). Since Θ s and L Sh s commute with Z p , we immediately obtain the following images under translation and shuffling:
Maximal parabolic subalgebras
All chain complexes have the right entry in degree 0, Proof. From the above composition series one sees we get that P p (s) and P p (st) have endomorphism algebras isomorphic to C[x]/(x 2 ). In the following, all Hom-spaces are one-dimensional, and we see that that the composition pairings . The proof that these isomorphisms of images form a natural isomorphism of functors is carried out analogously to Theorem 3.3. The proof for Θ t ∼ = T P ( st) is, m. m., the same as for Θ s ∼ = T P ( s) ; we hence only show the latter. To that end, we show that M Ξ P p (s) ∼ = M Θs , where the notation is the same as in Theorem 3.3. (4.7)
with the indicated A p -A p -bimodule action. The algebra End O (P p ) is generated by the following four elements; a diagram chase of morphisms through the relevant naturality diagrams shows that Θ s acts on these by
A vector space basis of M Θs = Hom(P p , Θ s P p ) is given by the morphisms between the summands of P p in the following schematic. Recall that the left A p -action on M Θs is given by φ . m = Θ s (φ) • m for φ ∈ A p and m ∈ M Θs , so it acts on basis elements as follows: we obtain that the A p -A p -bimodule action on its C-basis is
•(st← −s). We now transfer results for O p 0 from sl 3 to sl n . Consider the parabolic subalgebra p of sl n corresponding to the subgroup W p = s 2 , . . . , s n−1 = S n−1 × S 1 ≤ S n and the coset representatives W p = {e, s 1 , s 1 s 2 , . . . , s 1 · · · s n−1 }; we abbreviate these representatives in W p by σ i := s 1 · · · s i .
Lemma 4.12. The category O p 0 (sl n ) is equivalent to Mod-A p (sl n ), where A p (sl n ) is the path algebra quotient
Proof. We compute the composition series of Verma modules and indecomposable projectives in · · · L(σ n−1 )
· · · L(σn−1) L(σn−2) L(σn−1) (4.10)
Since the arrows in Q p (sl n ) are given by irreducible morphisms between P p (−)'s, the relations of Q p (sl n ) follow from these composition series.
Remark 4.13. Every Verma module M p (σ i ) fits uniquely into a short exact sequence
in particular, Θ si M p (σ i ) = P p (σ i ) always is projective, which is not true in the non-parabolic category O 0 . We obtain the following list of images under translation and shuffling functors:
Lemma 4.14. The set {P p (σ 1 ), . . . , P p (σ n−1 )} is an A n−2 -configuration of 0-spherical objects.
Proof. The composition series exhibit that Hom O p 0 (P p (σ i ), P p (σ i )) ∼ = C[x]/(x 2 ), where the nontrivial endomorphism x is the degree 2-map x : P p (σ i ) → → hd P p (σ i ) = soc P p (σ i ) → P p (σ i ), , and that dim Hom O p 0 (P p (σ j ), P p (σ i )) = 2 if i = j, 1 if |i − j| = 1 0 otherwise.
It suffices to check non-degeneracy of the composition pairing for indecomposable projectives P p (σ i ± 1) that are connected by an arrow of Q p (sl n ). In these two cases, the picture is analogous to (4.4-4.6):
• : Hom(P p (σ i±1 ), P p (σ i )) ⊗ Hom(P p (σ i ), P p (σ i±1 )) for 0 < i < n − 2, and similar for i = 0 and n − 1. This shows that • gives a non-degenerate pairing.
Theorem 4.15. for the parabolic subalgebra p ⊆ sl n corresponding to W p = S n−1 × S 1 < S n , the autoequivalences L Sh si [−1] and T P p (σi) of D b (O p 0 ) are naturally isomorphic.
Proof. Let A p n := A p (sl n ). Assume that the assertion holds for the respective subalgebra of sl n−1 . One checks that the assignment Q sln−1 → Q sln , σ i → σ i−1 of quivers gives rise to an isomorphism A p n /(ε σ0 ) → A p n−1 of path algebras. The thus defined maps p : A p n → → A p n /(ε σ0 ) ∼ = A p n−1 i : A p n−1 → A p n induce fully faithful functors
for 1 ≤ k < n − 1 and 0 ≤ l < n − 1. By induction, this shows that the assertion holds for the functors restricted to the triangulated subcategories P p (σ 2 ), . . . , P p (σ n−1 ) (via p * ) and P p (e), P p (σ 1 ), P p (σ 2 ) (via i * ) of D b (O p 0 (sl n )). Hence, the assertion holds on O p 0 (sl n ).
Remark 4.16. We know that the object P p (s) ∈ O p 0 (sl 3 ) is spherical, so one might ask if O p 0 (sl 3 ) arises as the spherical subcategory Sph(P p (s)) of P p (s) ∈ O 0 (sl 3 ). However, P p (s) is not spherelike in D b (O(sl 3 )), i. e., we cannot assign a meaningful spherical subcategory to it.
Proof. Consider the projective resolution P p (s) {P (s) → P (ts) → P (s)} in D b (O(sl 3 )). Using this resolution, we obtain the chain complex i. e., hom • D b (O0) (P p (s), P p (s)) has total dimension 3, so P p (s) is not spherelike. As a side remark, we notice that the inclusion D b (O p 0 ) ⊂ D b (O 0 ), given by mapping projectives to projectives, is not full.
Remark 4.17. The object L(σ n−2 ) ∈ D b (O p 0 (sl n )) can easily seen to be 2-spherical object. However, its induced spherical twist functor does not yield an L Sh (−) for n > 2.
